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Abstract 
In this paper, the notion of matrix-valued multiresolution analysis is introduced. A procedure for designing 
biorthogonal matrix-valued quarternary wave wrap functions in is presented and their characters are researched by 
virtue of time-frequency analysis method, matrix theory and operator theory. Three biorthogonality formulas 
concerning the wave wrap functions are obtained. Finally, new Riesz bases of four dimensional matrix-valued function 
space are derived by designing a series of subspaces of biorthogonal matrix-valued wave wrap functions. 
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1.  Introduction 
In order to improve the locality of wavelets, Coifman and Meyer introduced the notion of univariate 
orthogonal wavelet packets. Wavelet packets, due to their nice character-istics, have been widely applied to 
signal processing [1], image compression [2], and fractal [3] and so on. The introduction for biorthogonal 
wavelet packets attributes to Cohen and Daubechies Yang and Cheng [4] constructed a-scale orthogonal 
multiwavelet packets which were more flexible in applications. Vector-valued wavelets are a class of 
special multiwavelets. Chen [4] introduced the notion for orthogonal vector-valued wavelets. For example, 
prefiltering is usually required for discrete multiwavelet transforms  but not necessary for discrete vector-
valued wavelet transforms. Examples of vector-valued signals are video images. Therefore, studying 
vector-valued wavelets is useful in multiwavelet theory and representions of signals. Shen [6] generalized 
the univariate orthogonal wavelet packets to the case of multivariate orthogonal wavelets such that they 
may be used in a wider field. Thus, it is significant and necessary to generalize the concept of univariate 
wavelet packets to the case of multivariate matrix-valued wavelets. The goal of this paper is to give the 
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definition and the construction of matrix -valued wavelet packets and construct several new Riesz bases of 
space 2 4( , )r rL R C × .
2. Matrix-valued multiresolution analysis 
 Let R  and C  be all real and all complex numbers, respectively. Z and N denote the set of integers 
and positive integers, respectively. Set {0}Z N+ = ∪ , and ,r N∈  as well 
as 2,r ≥ 4 1 2 3{ ( , , ) :Z n n n= ,n Zν ∈ 1, 2, 3, 4}ν = ,
4
1 2 3 4{ ( , , , ) :Z n n n n+ = ,n Zν ν+∈ = 1, 2,3,4} ,  Suppose that B  is an 4 4× matrix whose all entries 
are  integers and all eigenvalues is large than one in modulus. The absolute value of the determinant of 
matrix B is denoted by d , i.e., det( )B d= ,. Order TB  stands for the transpose of matrix, and TB− is 
the inverse of the transpose of matrix B . For ,Λ 1,Λ 42 ,RΛ ⊂  Set  { : }B Bx xΛ = ∈Λ ,
1 2 1 2{ :x xΛ +Λ = + 1 1,x ∈Λ 2 2}x ∈Λ , 1 2Λ −Λ = 1 2{x x+ 1 1 2 2: , }x x∈Λ ∈Λ . It is known 
that there exist d  elements 1 2, ,ξ ξ … 41d Zξ − +∈ ,by the finite group theory such that 
0
4 4( ),Z BZξ ξ∈Λ= +∪
4 4
1 2( ) ( ) ,BZ BZξ ξ+ + =∅∩
where 0 1 2 1{ , , }dξ ξ ξ −Λ = …  denotes the set of all different representative elements in the quotient 
group 4 4( )Z BZ and 1 2,ξ ξ  denote two arbitrary distinct elements in 0Λ . Set 0ξ ={0} ,where {0} is the 
null of theset 4Z+ . Let 0 {0}Λ = Λ −  and 0,Λ Λ  be two index sets. The space 2 4( , )r rL R C ×  is defined 
to be the set of all matrix-valued functions ( )xϒ , i.e., 
2 4
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Examples of matrix-valued signals are video images where ( )lj xγ denotes the pixel on the l th row and 
the j th column at the point .x ϒ  stands for the norm of the matrix -valued function 
2 4( ) ( , ),r rx L R C ×ϒ ∈
              
4
2 1/ 2
,
, 1
: ( ( ) ) ,
r
l jR
l j
x dxγ
=
ϒ = ∑ ∫                                         (1) 
For any 2 4( , )r rL R C ×∈� , its integration and its Fourier transform are defined, respectively, as follows, 
4 4 , , 1( ) ( ( ) )
r
R R
x dx x dxι ν ι νγ =ϒ =∫ ∫                                           (2) 
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�
4
( ) : ( ) exp{ } ,
R
x ix dxξ ξϒ = ϒ ⋅ − ⋅∫                                       (3) 
where x ξ⋅  stands for the inner product of real r-dimensional vectors x  and ξ . For any matrix-valued
functions , ∈� � 2 4( , ),r rL R C ×  their symbol inner product is defined to be 
4
*, : ( ) ( ) ( ) ,
R
x x x dx= ∫� � � � �                                          (4) 
where * means the transpose and the complex conjugate. 
Definition 1. We say that a pair of matrix-valued functions � 2 4( ), ( ) ( , )r rx x L R C ×ϒ ϒ ∈  are 
biorthogonal, if their translates satisfy 
� 4
0,( ), ( ) , ,k rk I k Zδϒ ⋅ ϒ ⋅− = ∈                                        (5) 
where rI  denotes the r r×  identity matrix and 0,kδ  is Kronecker symbol. 
Definition 2. A sequence of matrix-valued functions 4
2 4{ ( )} ( , )r rk k Zx U L R C
×
∈ϒ ⊂ ⊂  is called a 
Riesz basis in U  if it satisfy (i) for any ( )x UΨ ∈ , there exists a unique r r×  matrix sequence 
4
2 4{ } ( )r rk k zP l Z
×
∈ ∈  such that 
4
( ) ( ),k k
k Z
x P x
∈
Ψ = ϒ∑                                                 (6) 
where 2 4( )r rl Z ×  is equals to 4{B : ,r rZ C ×→
4
1
2
2
,2
, 1
B ( ( ) ) }
r
l j
l j k z
b k
= ∈
= < +∞∑ ∑ , (ii) and there 
exist constants 1 20 C C< ≤ < +∞  such that, for any matrix sequence 3{ }k k zP ∈ , the following equality 
holds, i.e., 
4
1 2{ } ( ) { } ,k k k k
k z
C P P x C P+ +
∈
≤ ≤∑ �                              (7) 
where { }kP +  denotes the norm of the sequence of constant matrices 3{ }k k zP ∈ . For example, it is 
known that { }kP + = 3
1
2 2( ( ) )k Fk z P∈∑  where k FP , for every 4k Z∈ , denotes the Frobenius 
norm of a matrix kP .
Definition 3.  A  matrix-valued multiresolution analysis of 2 4( , )r rL R C ×  is a nested sequence of 
closed subspaces {V }j j z∈  such that   (i) 1 0V V−⊂ ⊂� 1 2V V⊂ ⊂ ⊂� ; (ii) V { }j
j z
O
∈
=∩  and 
Vj
j z∈
∪  is dense in 2 4( , )r rL R C × , where O  denotes an r r×  zero matrix; (iii) ( ) jx V∈�
1( ) , ;jBx V j Z+⇔ ∈ ∀ ∈�  (v) there exists 0( ) VxΓ ∈ , called a matrix-valued scaling function, such 
that { ( ) :k xΓ = 4( ), }x n n ZΓ − ∈  form a Riesz basis for subspace 0V .
Since 0 1( ) V VxΓ ∈ ⊂ , by definition 3 and (6), there exists a finitely supported sequence of 
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constant r r×  matrice 4 2 4{ } ( )r rk k zP l Z ×∈ ∈  such that 
      
4
( ) ( ).k
k Z
x P Bx k
∈
Γ = Γ −∑                                                (8) 
Equation (8) is said to be a refinement equation. Let 
         
4
41( ) exp{ },k
k z
P ik R
d
ξ ξ ξ
∈
= ⋅ − ⋅ ∈∑P .                                (9) 
where ( )ξP , which is a 42 Zπ  periodic function, is called a symbol of ( ).G x  Thus, equation (8) 
becomes 
  4( ) ( ) ( ), .T TB B Rξ ξ ξ ξ− −Γ = Γ ∈P                                           (10) 
Let ,Wj j Z∈  be the direct complementary subspace of Vj  in 1Vj+ . Assume that there exist 1d −
matrix-valued functions 2 4( , )r rL R C × ρ ∈Λ , such that their thanslates and dilations form a Riesz basis 
of W i.e.,j
2 4
4
( , )
W clos (Span{ ( ) : , }),r r jj L R C F B k k Zμ μ×= ⋅ − ∈ ∈Λ                         (11) 
where j Z∈ .Since 0 1( ) W V ,F xρ ρ∈ ⊂ ∈Λ , there exist 1d −  finite supported sequences of constant 
r r×  matrice 4( ){ }k k ZD ρ ∈  such that 
4
( )( ) ( ), .v
v Z
F x D Bx vμμ μ
∈
= Γ − ∈Λ∑                                      (12) 
Taking the Fourier transform for both side of (12) gives 
        ( ) 4ˆ ( ) ( ) ( ), , .F B Rμμ ξ ξ ξ ξ μ= Γ ∈ ∈ΛD                                   (13) 
where         
4
( ) ( )1( ) exp{ }, .v
v Z
P iv
d
μ μξ ξ μ
∈
= ⋅ − ⋅ ∈Λ∑P                              (14) 
If i 2 4( ), ( ) ( , )r rF x F x L R C ×∈  are a pair of biorthogonal matrix-valued scaling functions, then it 
follows by  Definition 1 that 
i 4
0,( ), ( ) , .k rF F k I k Zδ⋅ ⋅− = ∈                                              (15) 
We say that 2 4( ), ( ) ( , ),r rF x F x L R Cρ ρ ρ×∈ ∈Λ  are a pair of biorthogonal matrix-valued wavelets 
associated with a pair of biorthogonal matrix-valued scaling functions ( )xΓ and i( )xΓ , if the family 
{ ( ),x kρΓ − is a 4 , }k Z ρ∈ ∈Λ  Riesz basis of subspace 0W , and 
4( ), ( ) , , ,F u O u Zρ ρΓ ⋅ ⋅− = ∈Λ ∈                                          (16) 
i 4( ), ( ) , , ,F k O k Zρ ρΓ ⋅ ⋅− = ∈Λ ∈                                          (17) 
4
, 0,( ), ( ) , , , .k rF F k I k Zρ μ ρ μδ δ ρ μ⋅ ⋅− = ∈Λ ∈                             (18) 
Set
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2 4
( ) 4
( , )
W clos ( ) : ,r r jj L R C W B m m Z
ρ
ρ×= ⋅− ∈                              (19) 
where , .j Zρ ∈Λ ∈   By the definition of Wj  and (11), (15)-(18), we obtain 
2 4 ( )( , ) ( ),r r j jj Z j ZL R C W W
ρ
ρ
×
∈ ∈ ∈Λ
= =                                             (20) 
where   denotes the direct sum. Similar to (8) and (12), there exist m  finite supported sequences of 
r r×  constant matrice i 4{ }k k ZP ∈  and i 4
( )
{ } ,k
k Z
D
ρ ρ∈ ∈Λ  such that i( )xΓ and ( )F x  satisfy the following 
refinement equation: 
       i i i
4
( ) ( ),k
k Z
x P Bx k
∈
Γ = Γ −∑                                                     (21) 
i i
4
( )
( ) ( ), .k
k Z
F x D Bx k
ρ
ρ ρ
∈
= Γ − ∈Λ∑                                        (22) 
3. Properties of vector-valued wavelet packets
Let
i
0 0( ) ( ), ( ) ( ), ( ) ( ),x x x F x x xρ ρΨ = Γ Ψ = Ψ = Γ
( ) ( ),x F xρ ρΨ = (0) ( ) ( ), ,k k k kM P M Dρ ρ= =
i i ( )(0) ( ) 4, , , , 12 .k kk k rM P M D k Z B I
ρρ ρ= = ∈Λ ∈ = 
Then, equation (8) and (12) can be jointly written as follows: 
3
( )
0 0( ) ( ), .k
v Z
x M Bx vρρ ρ
∈
Ψ = Ψ − ∈Λ∑                                           (23) 
For any 4Zα +∈ and the given matrix-valued biorthogonal scaling functions 0 ( )xΨ and 0 ( )xΨ ,
iteratively define, respectively, 
4
( )
12( ) ( ) (12 ),k
u Z
x x M x uρα β ρ β+
∈
Ψ = Ψ = Ψ −∑        (24) 
4
( )
12( ) ( ) (12 ),v
v Z
x x M x vρα β ρ β+
∈
Ψ = Ψ = Ψ −∑                                          (25) 
where 4Zβ +∈  is the unique element such that 12 ,α β ρ= + 0ρ ∈Λ  holds. 
Definition4.Two sets of matrix-valued function 12{ ( ),xβ ρ+Ψ 4 0, }Zβ ρ+∈ ∈Λ and
12{ ( ),xβ ρ+Ψ 4 0, }Zβ ρ+∈ ∈Λ  are said to be wavelet wrapss with respect to a pair of biorthogonal 
matrix-valued scaling functions ( )xΓ and i( )xΓ , respectively, where 12 ( )xβ ρ+Ψ  and 12 ( )xβ ρ+Ψ  are 
given by (24) and (25), respectively. 
Applying the Fourier transform for  (24) and  (25) yields,   
( )
12 0
ˆ ˆ(12 ) ( ) ( ), ,ρβ ρ βξ ξ ξ ρ+Ψ = Ψ ∈ΛM                              (26)  
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( )
12 0
ˆ ˆ(12 ) ( ) ( ), ,ρβ ρ βξ ξ ξ ρ+Ψ = Ψ ∈Λ M                               (27)  
Where 
                
4
( ) ( ) 4
04
1( ) exp{ }, , ,
12 vv Z
M ik Rμ μξ ξ μ ξ
∈
= ⋅ ⋅ − ⋅ ∈Λ ∈∑M
Theorem 1.    Suppose 4{ ( ), }x Zα α +Ψ ∈ and { ( ),xαΨ 4}Zα +∈  are wavelet packets with respect 
to a pair of biorthogonal multiple vector-valued scaling functions 0 ( )xΨ  and 0 ( )xΨ . Then,  for 
4Zα +∈ , we have 
4
0,( ), ( ) , .k rk I k Zα α δΨ ⋅ Ψ ⋅− = ∈                                       (29)  
Proof. The result (29) follows from (15) as 0α = . Assume that (29) holds when 4
1
,llα α η== <∑
where η  is a positive integer, and 41 2 3 4( , , , ) .Zα α α α α += ∈  For the case of 4 , ,Zα α η+∈ =  we 
will prove (29) holds. Order 12α β ρ= +  where 4 0, .Zβ ρ+∈ ∈Λ  Since all eigenvalues of A is large 
than one in modulus, then .β α<  By induction assumption, we have: 
( ), ( )kα αΨ ⋅ Ψ ⋅−
4
*
12 124
1 ˆˆ ( ) ( ) exp{ }
(2 ) R
ik dβ ρ β ρξ ξ ξ ξπ + += Ψ Ψ ⋅ ⋅∫ 
4 0,4 [0,2 ]
1 .
(2 )
ik
r k rI e d I
ξ
π ξ δπ
⋅= =∫
Therefore, the result is established.         
Theorem 2. Suppose that 4{ ( ), }x Zα α +Ψ ∈  and 4{ ( ), }x Zα α +Ψ ∈  are wavelet packets with 
respect to a pair of Biorthogonal multiple vector-valued functions 0 ( )xΨ and 0 ( )xΨ , respectively. Then, 
for 4Zβ +∈ , 4n Z∈ , we have 
12 12 0, , 0( ) , ( ) , , .n rn Iβ μ β ρ μ ρδ δ μ ρ+ +Ψ ⋅ Ψ ⋅− = ∈Λ
Proof.      12 12( ), ( )nβ μ β ρ+ +Ψ ⋅ Ψ ⋅−
4
*
12 124
1 ˆˆ ( ) ( ) exp{ }
(2 ) R
in dβ μ β ρξ ξ ξ ξπ + += Ψ Ψ ⋅ ⋅∫ 
4 , 0, ,4 [0,2 ]
1 .
(2 )
in
r n rI e d I
ξ
μ ρ μ ρπ δ ξ δ δπ
⋅= =∫
This completes the proof of the theorem.
Theorem 3 [5] .  For any 4, Zα β +∈ , we have 
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           0, ,( ) , ( ) .n rn Iα β α βδ δΨ ⋅ Ψ ⋅− =                                              (30) 
Proof. When α β= ,(30) follows by Theorem 1. as α β≠  and 0,α β ∈Λ , it follows from Lemma 4 
that (30) holds, too. Assuming that α  is not equal to β , as well as at least one of { , }α β  doesn’t belong 
to 0Γ , we rewrite ,α σ  as 1 1 1 112 , 12α α ρ β β μ= + = + , where 1 1 0,ρ μ ∈Λ . Case 1. If 1 1α β= , then 
1 1ρ μ≠ . (30) follows by virtue of (25), (26): 
4(2 )π i( ), ( )kβαΨ ⋅ Ψ ⋅ −
l il
1 1 1 14
*
12 12( ) ( ) exp{ }
R
ik dα ρ β μγ γ ξ ξ+ += Ψ Ψ ⋅ ⋅∫
4 1 1,[0,2 ]
exp{ } .rI ik d Oρ μπ δ ξ ξ= ⋅ ⋅ =∫
Case 2 If 1 1α β≠ , order 1 2 212 ,α α ρ= + 1 2 212 ,β β μ= + where 42 2, Zα β +∈ , and 
2 2 0, .ρ μ ∈Λ Provided that 2 2α β= , then 2 2.ρ μ≠  Similar to Case 1, (30) can be established. 
When 2 2α σ≠ , order 2 3 3 212 ,α α ρ β= + = 3 312 ,β μ+  where 43 3 3 3 0, , ,Zα β ρ μ+∈ ∈Λ . Thus, after 
taking finite steps (denoted by κ ), we obtain 0κα ∈Λ , and 0, .κ κρ μ ∈Λ  If κ κα σ= , then κ κρ μ≠ .
(30) follows. If κ κα β≠ , then we obtain that 
i l il
1 14
*
4
1( ), ( ) ( ) ( )
(2 )
ik
R
k e dξβ α βα ξ ξ ξπ
⋅Ψ ⋅ Ψ ⋅ − = Ψ Ψ ⋅∫
l1 2
24
( ) ( )
4
1 ( /12) ( /144) ( /144)
(2 ) R
ρ ρ αξ ξ ξπ= Ψ∫ M M
j j2 1
2
( ) ( )* * *ˆ /144) ( /12) ( /12)( ikG e d
μ μ ξ
β ξ ξ ξ ξ⋅⋅⋅ = ""M M
4
( )
4 ([0,2 12 ]
1
1 { ( )}
(2 ) 12
l
l
l
Oκ
κ
ρ
π
γ
π ⋅ =
= ⋅∏∫ Q
j ( ) *
1
{ ( )} exp{ } .
12
l
ll
ik d O
μκ ξ ξ ξ=⋅ ⋅ − ⋅ =∏ M
Therefore, for any , sZα σ +∈ , (28) is established. 
4. Conclusion  
The concept of biorthogonal multiple vector-valued wavelet packets of space 2 4( , )r rL R C ×  is introduced. 
Their properties are studied by virtue of time-frequency  analysis method, matrix theory and operator 
theory, and three biorthogonality formulas concerning these wavelet packets are given. 
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